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The Aharonov-Casher and scalar Aharonov-Bohm topological effects
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School of Physics Science and Technology, Xinjiang University, Urumqi, 830046, P. R. China
We reexamine the topological and nonlocal natures of the Aharonov-Casher and scalar Aharonov-
Bohm phase effects. The underlying U(1) gauge structure is exhibited explicitly. And the conditions
for developing topological Aharonov-Casher and scalar Aharonov-Bohm phases are clarified. We
analyse the arguments of M. Peshkin and H. J. Lipkin (Phys. Rev. Lett. 74, 2847(1995)) in detail
and show that they are based on the wrong Hamiltonian which yields their conclusion incorrect.
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Introduction—In 1959 Aharonov and Bohm (AB)[1]
proposed two types of electron interference experiments
the usual magnetic (or vector) AB effect, and the less
often mentioned electric (scalar) AB effect to exhibit the
significance of electromagnetic potentials in quantum me-
chanics. The essential physical aspect of the usual mag-
netic (or vector) AB experiment[2, 3] is that electrons
passing around opposite sides of a long solenoid acquire a
phase shift due to the enclosed magnetic flux even though
the electrons move in a region free of electric and mag-
netic fields but nonzero magnetic potentials. The elec-
tric (or scalar) AB effect for charged particles concerns
the phase shift caused by the scalar potential V = −eU
in the Schroedinger equation. However, the experiment
has not yet been performed because of technical diffi-
culties with electron interferometers. Rather than using
electrons acted on by electrostatic potentials, Ref. [4–6]
have performed an analogous interferometry experiment
with thermal neutrons subject to pulsed magnetic fields.
And phase shifts have been observed to a high degree
of accuracy. In the neutron interferometry experiment,
the phase shift is due to a scalar potential, V = −µ ·B,
which is the analog of V = −eU , the scalar potential
in the scalar AB effect for electrons. In 1984 Aharonov
and Casher(AC)[7] pointed out that in the nonrelativis-
tic limit the wave function of a neutral spin-1/2 particle
with magnetic dipole moment µ develops a topological
phase when traveling in a closed path which encircles an
infinitely long filament carrying a uniform charge den-
sity. This effect has also been observed experimentally
[8, 9]. The AC experiment with neutrons is the analog
of the magnetic (vector) AB experiment for electrons.
In 1987 Boyer [10] argued that a classical neutron does
experience a force, causing a velocity change which de-
pends upon the side of the wire that the neutron passes.
In 1988 Aharonovet. al. [11] elaborated furthermore the
force free nature of AC effect. In 1991 He and McKellar
[12] provided the conditions for developing a topological
AC phase for a neutral spin half particle in 2 + 1 space
time dimensions. In 1995 Peshkin and Lipkin (PL) [13]
argued that both SAB and AC effects are not topologi-
cal due to the torque action on the spin of neutron. And
extensive controversies [14] have followed about the non-
local force free nature of the SAB and AC effects. Thus,
further investigations about the gauge invariance princi-
ple for topological SAB and AC phases of a neutral spin
half particle are necessary. In this letter we will address
the underlying principle for the generation of the topo-
logical SAB and AC phase effects.
The underlying U(1) gauge symmetry—Now we
study how the gauge invariance principle determines the
topological phases of the AC and SAB effects for a neu-
tral spin half particle with an anomalous magnetic dipole
moment µ. The Lagrangian for a neutral spin half parti-
cle with an anomalous magnetic dipole moment µ inter-
acting with the electromagnetic field has the form,
L = ψ¯(x)(i∂/ −m)ψ(x) −
µ
2
ψ¯(x)σµνFµνψ(x), (1)
wherem is the mass of the particle; the σµν = i[γµ, γν ]/2
represents the internal spin structure of the neutral par-
ticle, and 1/2 accounts for the antisymmetry both of σµν
and Fµν . The spin projection operator is
Σˆ±(s) = (I± γ
5s/)/2,
where s is the unit polarization vector in the rest frame
(s · s = 1); and the four-spin vector sµ in an arbitrary
inertial frame which has the form,
sν =
(
p · s
m
, s+
p(p · s)
m(p0 +m)
)
,
where pµ = (p0,p) is the four momentum of the particle.
To separate spin-up and spin-down parts, we insert the
unite operator I = Σˆ+(s) + Σˆ−(s) into (1), and we have,
L = L+ + L− ,
where
L± = ψ¯(i∂/−m−
µ
2
σµνFµν)Σˆ±(s)ψ
=
1
2
ψ¯(i∂/−m)ψ ±
µ
4
ψ¯γαǫαβµνs
βFµνψ, (2)
here, we have used the following relations,
ψ¯(i∂/−m)Σˆ±(s)ψ =
1
2
ψ¯(i∂/−m)ψ, (3)
2µ
2
ψ¯σµνFµνΣˆ±(s)ψ = ∓
µ
4
ψ¯γαǫαβµνs
βFµνψ. (4)
Explicitly, L+ and L− are equivalent except a minus sign.
Now we define a new quantity Aα(x) as,
Aα(x) = −
1
2
ǫαβµνs
βFµν . (5)
Then the lagrangian (2) can be written as,
L± =
1
2
ψ¯iγα(∂α ± iµAα)ψ −
m
2
ψ¯ψ, (6)
where the common factor 1/2 is due to the spin projec-
tion. Under a new Umm(1) local gauge transformation
(mm stands for the magnetic moment),
Aα(x)→ Aα(x) ∓ ∂αφ(x) , (7)
the gauge invariance of the theory (6) requires the wave
function ψ to transform as,
ψ(x)→ e±iµφ(x)ψ(x) . (8)
From the Lagrangian (6) (in the following we will con-
sider only the positive part of (6).), the Euler-Lagrangian
equation for ψ is,
[
γµ(pµ − µAµ)−m
]
ψ(x) = 0, (9)
the conserved magnetic dipole momemnt current density
is,
Jµmm = µψ¯γ
µψ , ∂µJ
µ
mm = 0 . (10)
Now let us consider that our particle always moves in the
space-time region where effective electromagnetic field
strength Fαβ = ∂αAβ−∂βAα = 0 butAα 6= 0. Since Fαβ
is antisymmetric, Aα can be written as a 4-dimensional
gradient of a scalar function φ(x),
Aα(x) = ∂αφ(x). (11)
In this case, Aα is a pure vector gauge potential, and the
equation of motion for a force free particle can be written
as,
[
γµpµ −m
]
ψ′(x) = 0. (12)
where the force free solution is,
ψ′(x) = exp [iµ
∫ x
x0
dzµA
µ(z)]ψ. (13)
To generate a nontrivial phase, the space-time region in
which Fαβ = 0 but Aα 6= 0 must have a singular point
in it, such that Fαβ 6= 0 at this singular point. If one
now transports the particle around a closed path in the
Fαβ = 0 region which encloses regions with Fαβ 6= 0, the
wave function develops a nontrivial phase difference,
∆φ =
µ
2
∫
Σ
dSµνFµν , (14)
where, Σ is the surface enclosed by the trajectory of mat-
ter particle. For a non-closed path in the space-time re-
gion Fαβ = 0, the wave function develops a relativistic
phase,
φ = µ
∫ rβ
f
r
β
i
drβAβ = −
µ
2
∫ rβ
f
r
β
i
drβε
βαµνsαFµν(t, r).
(15)
The ordinary AC phase can be recovered if there is only
electric field E present in Fαβ = 0 region,
φAC = µ
∫
rf
ri
driε
ijk0sjFk0(t, r) = µ
∫
rf
ri
dr ·
[(
s+
v(p · s)
(p0 +m)
)
×E
]
= µ
∫
rf
ri
dr ·
(
s×E
)
. (16)
The SAB phase that is related to a magnetic field B in Fαβ = 0 region has the following form,
φSAB = −
µ
2
∫ tf
ti
dr0ε
0ijksiFjk(t, r) +
µ
2
∫
rf
ri
driε
i0jks0Fjk(t, r) = −µ
∫ tf
ti
dt(s ·B)− µ
∫
rf
ri
dr ·B(v · s), (17)
where the second term is the relativistic correction. In
the SAB experiment, polarization vector s and velocity
vector v are constant; the s, v and B are all along the
same direction. Thus, when the trajectory of matter par-
ticle forms a closed path, the additional contribution,
the magnetic flux through the surface surrounded by the
loop, is zero. Of course, the original AC and SAB phases
can be recovered by applying directly the nonrelativistic
polarization vector sα ≈ (0, s).
Conditions for AC and SAB phases By taking
the nonrelativistic limit, now we discuss the conditions
for developing the topological AC and SAB phases. To
obtain the non-relativistic Hamiltonian, we can employ
the Foldy-Wouthuysen (WF)transformation [15]. The
3relativistic Hamiltonian can be obtained from the equa-
tion of motion (9),
HΣˆ = α · (p− µA) + βm+ µA
0. (18)
Due to similarity with the Dirac Hamiltonian, one can
easily obtain the FW-transformed Hamiltonian,
HΣˆ−FW = β
(
m+
1
2m
(p− µA)2
)
+ µA0 −
µ
2m
β(Σ · B)−
iµ
8m2
Σ · (∇× E)−
µ
4m2
Σ · (E × p)−
µ
8m2
∇ · E , (19)
where,
β =
(
I 0
0 −I
)
, Σ =
(
σ 0
0 σ
)
, (20)
σ = (σ1, σ2, σ3) are Pauli matrixes, and
A = s×E, A0 = s ·B, (21)
B = ∇×A = s(∇ · E)− (s · ∇)E, (22)
E = −∇ · A0 = −∇(s ·B). (23)
The terms which induce the ordinary AC and SAB effects
are the first two terms in (19). Thus, in order to generate
a pure phase effect, the additional terms in (19) which
affect the energy of this system should vanish, namely,
B = 0, E = 0. (24)
By using Eqs. (22) and (23) we can obtain the following
conditions to generate the AC and SAB phases, respec-
tively,
∇ ·E = 0, (s · ∇)E = 0; (25)
∇(s ·B) = 0, (26)
thus no force or torque acts on the particle. In the ordi-
nary AC configuration, the nontrivial topological space-
time region is generated by the condition ∇ ·E 6= 0.
Remarks—- Ref. [13] analyzed measurable dynamical
variables, and the spin autocorrelation operators by using
the following Hamiltonian for the SAB effect,
H = p2/2m− µ σ ·B(t) , (27)
where µ is the neutron’s magnetic moment, B is the mag-
netic field. The Heisenberg equation of motion of dynam-
ical variable σ is ,
~
2
σ˙ = µσ ×B (28)
and the spin autocorrelation operators are,
C(∆t) =
1
4
[σx(tf )σx(ti) + σy(tf )σy(ti) + H.C.],(29)
S(∆t) =
1
4
[σy(tf )σx(ti)− σx(tf )σy(ti) + H.C.].(30)
and claimed that both SAB and AC effects are not topo-
logical due to the torque action. However, we have
showed in the above discussions that, when the polar-
ization direction of neutron don’t vary, the underlying
gauge symmetry is U(1)mm. Furthermore, by (19) the
precessing equation for spin operator is,
~
2
σ˙ ∝ σ × (B + E × v). (31)
thus for a spin-1/2 neutral particle with fixed spin po-
larization, the correct term which describes the spin pre-
cessing around it’s polarization direction is described by
the σ · B in the SAB configuration and the σ × E in the
AC configuration. If we make replacements B → B and
E → E, we can recover the Hamiltonian employed by
Peshkin and Lipkin [13]. Furthermore, both in the AC
and SAB cases, B = 0 and E = 0. Thus there are no
dynamical variables available to describe the spin pre-
cession along it’s polarization direction. This also can
be realized from the correlation operators (29) and (30).
In showing this, we firstly introduce two new correlation
operators,
S− = σ+(tf )σ−(ti) , (32)
S+ = σ−(tf )σ+(ti) . (33)
The physical meaning of the operator S− is that at time
ti the “spin up” state changes into “spin down” state, and
at time tf the “spin up” state recovers. Note that the
“spin up” and “spin down” states at different time may
have different reference direction, i.e., in general the spin
polarization is time dependent s(t). In one word, these
correlation operators describe the spin flip between the
“spin up” and “spin down” polarization states at time in-
terval ∆t = tf − ti. By using relations [σa(t
′), σb(t)] = 0
(a, b = x, y, z) for t′ 6= t, the spin autocorrelation opera-
tors (29) and (30) can be written as,
C(∆t) = S+ + S−, S(∆t) = i(S+ − S−). (34)
Then C(∆t) and S(∆t) have the same physical mean-
ing as the S− and S+. However, such spin flip processes
have not been observed experimentally yet. On the other
hand, such processes may occur at the quantum fluctu-
ation level, but such fluctuation exists only at a very
4short time interval, ∆t ≈ 0. One may note that ∆t = τ ,
where the τ in Ref.[13] is the time for the particle in the
magnetic field, it may be very long, τ → ∞. Thus the
correlation operators (29) and (30) should vanish at time
interval τ .
Conclusions—We have established the topological
and nonlocal nature of the AC and SAB phases on 4-
dimensional space-time. The underlying Umm(1) gauge
structure is exhibited explicitly. On the other hand we
have derived the corresponding conditions for the gen-
eration of these phases from the underlying principle,
and these conditions are consistent with the experimen-
tal phenomena both for AC and SAB effects. The mean-
ing of these conditions are clarified. The corresponding
Umm(1) gauge symmetry ensures the force free nature of
the induced topological AC and SAB phases. The state-
ment by M. Peshkin and H. J. Lipkin [13] that the AC
and SAB effects are not topological effects is examined.
We analyse their arguments in detail and show that the
correct terms which describe the precessing of spin direc-
tion along the polarization direction are σ · B in the SAB
configuration and σ · (E × v) in the AC configuration.
Thus they are based on the wrong Hamiltonian which
yields their incorrect conclusion.
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